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In the present work the influence of internal noise resulting from small cell volume on bursting calcium
oscillations is studied. With the internal noise switched on, the center of the main peak in the PSD (power
spectrum density) was modified by internal noise. With increasing of the cell volume, the calculated signal-
to-noise ratio (SNR) undergoes a maximum, which is referred in the present work as explicit bursting
stochastic resonance. In addition, another quantity, the correlation time is used to measure the coherence of
bursting oscillations. We demonstrate that the correlation time of the oscillations also exhibits a maximum at
a certain cell volume.

© 2009 Elsevier B.V. All rights reserved.
1. Introduction

Bursting activity, which consists of alternating active and silent
phases of spiking and quiescence, is a multi-time-scale phenomenon.
Since it was firstly reported for the electrical activity of the neuron R15
[1,2], bursting activity has been studied experimentally [3–5] and
theoretically [6–10] in the last three decades. For example, bursting
has been observed in thalamic neurons [4], AB neurons [5],
dopaminergic neurons [6], cerebellar Purkinje cells [11], and pancrea-
tic β-cells [3,12]. Recently, bursting oscillations for intracellular Ca2+

signaling has attracted considerable attention. A significant part of
signal transduction and controlling the complex behavior of biological
systems is performed by the oscillatory changing of free cytosolic
calcium concentration in excitable as well as in non-excitable cells
[13]. These oscillations regulate many cellular processes ranging from
egg fertilization to cell death [14]. Bursting oscillations of free
cytosolic calcium have been found experimentally in many types of
cells [15–17]. It has been shown that calcium bursting is more effective
in maintaining glucose homeostasis than spikes [18,19], which
suggests bursting being more helpful for insulin secretion [20].

Internal signal stochastic resonance (ISSR), i.e. noise-induced
internal signal amplification [21,22] has been the topic of many
investigations in the past both for its inherent interest and for its broad
range of applications. With the development of SR studies, another
type of ISSR, explicit internal signal stochastic resonance (EISSR) has
been reported, where noise is directly added to an oscillatory state
which is the intrinsic simple periodic signal of the system [23–26].
While most of the prior work only accounts for experimental external
ll rights reserved.
noise, the research attention has been gradually shifted to internal
noise stochastic resonance (INSR). Internal noise resulting from the
finite system size could induce stochastic oscillations, which show the
best performance at a certain system size. However, seemingly little
attention has been paid on the intrinsic noise amplification of the
complex internal bursting signal.

In the present work, the reduced Kummermodel [27] is used to get
insight into the influence of internal noise on calcium bursting
behavior. An internal noise-induced coherent motion was observed:
with the increment of intrinsic noise level the evaluated signal-to-
noise ratio (SNR) firstly increases and decreases slightly and then
flattens out. The correlation time was also used to measure the
coherence of bursting oscillations and the same results were obtained.
Similar profiles of SNR and the correlation time demonstrated the
occurrence of explicit bursting stochastic resonance.

2. Model description

The reduced Kummer model [27] describing the intracellular
calcium oscillations in hepatocytes is used in this research. It is a core
model and does not include all the processes that occur in calcium
signal transduction but captures the fundamental dynamical char-
acteristics of the complete model [28]. After the binding of an agonist
to the extracellular side of a membrane-bound receptor molecule, the
Gα subunit at the intracellular side of the receptor-coupled G-protein
is activated. The activated G-protein in turn stimulates a phospholi-
pase C (PLC), which leads to the production of IP3, which diffuses
through the cell and binds to receptors at the endoplasmic reticulum.
This leads to the liberation of calcium from endoplasmic reticulum
and in some cases to the inflow of calcium from extracellular space
[28]. The concentration of IP3 is not considered here as a separate
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variable. For simplicity, IP3 is assumed to be in a quasistationary state.
The reduced model of a single cell is presented as

dx
dt

= k1 + k2x − k3xy
x + K4

− k5xz
x + K6

;

dy
dt

= k7x − k8y
y + K9

;

dz
dt

= k10x − k11z
z + K12

;

ð1Þ

where xdenotes the concentration of activeGα subunits of theG-protein,
y refers to the concentration of active PLC, and z is the concentration
of free calcium in the cytosol. More details of the model can be seen in
Ref. [27]. Parameter values used here are: k1=0.212, k3=1.52,K4=0.19,
k5=4.88, K6=1.18, k7=1.24, k8=32.24, K9=29.09, k10=13.58,
k11=153.0, K12=0.16. Herein, k2 is the concentration of agonist and is
selected here as the control parameter.

For a typical living cell, such a deterministic description is not
strictly valid due to the existence of considerable internal noise.
Generally, one can describe the reaction system as a birth–death
stochastic process governed by a chemical master equation [29],
which describes the time evolution of the probability of a given
number of molecules of reaction species. Although there is no
procedure to solve this master equation analytically, it provides the
starting point for numerical simulations. The exact stochastic
simulation (ESS), introduced by Gillespie [30], implements such a
master equation approach to stochastic chemical dynamics, which has
been used as the stochastic method to describe the core model [27].
The ESS stochastically determines the reaction that takes place
according to the probability of each reaction as well as the time
interval to the next reaction. The numbers of molecules of different
reacting species as well as the probabilities are updated at each time
step. According to the ESS method, the number of active Gα units
is introduced as X, the number of active PLC as Y, and the number
of calcium ions in the cytosol as Z, such that the concentration of
the reactants are x = X

LV, y = Y
LV and z = Z

LV, where L is the Avogadro's
number, V is the total cell volume, which is sometimes referred to as
the system size and used to control the number of molecules present
in the system, as described in Ref. [31]. The ESS method exactly
accounts for the stochastic nature of the reaction events and has been
widely used to study the properties and effects of internal noise in a
variety of systems, but it is very time consuming and hardly applicable
if the system size is large. In addition, it cannot afford us a clear
perspective on the origin and magnitude of the internal noise in the
system. Provided two dynamical conditions are satisfied, the micro-
physical premise fromwhich the chemical master equation is derived
leads directly to an approximate time-evolution equation of Langevin
type. Condition (i): requires the time step dt to be small enough that
the change in the state during [t, t+dt] will be so slight that none of
Table 1
Stochastic transition processes and corresponding rates.

Transition
processes

Description Transition rates

(1)X→X+1 The spontaneous activation of Gα units a1=V·k1
(2)X→X+1 The accelerated formation of active Gα after binding

of agonist to the membrane receptor
a2=V·k2x

(3)X→X−1 The inactivation of Gα units accelerated by active PLC a3 = V · k3xy
x + K4

(4)X→X−1 Negative feedback of calcium-dependent kinase on
Gα units

a4 = V · k5xy
x + K6

(5) Y→Y+1 The activation of PLC depends on the concentration
of active Gα units

a5 = V · k7x

(6) Y→Y−1 The enzymatic inactivation of PLC a6 = V · k8y
y + K9

(7) Z→Z+1 The influx of calcium from the extracellular Space a7=V·k10x
(8) Z→Z−1 ATP-dependent ion pumps pump Ca2+ of cytosol back

into the ER
a8 = V · k11z

z + K12
the propensity functions changes its value appreciably. Condition
(ii): requires dt to be large enough that the expected number of
occurrences of each reaction channel in [t, t+dt] be much larger than
one. The chemical Langevin (CL) method [32] has proven to be an
efficient simulation algorithm [33–35] to account for internal noise.
From the form of CLE, one can clearly find how the internal noise
involved in the chemical reactions is related to the parameter values,
the system size and the state variables that evolve with time. Here, the
CL equations for the Kummer model can be described as

dX
dt

= a1 + a2 − a3 − a4ð Þ + ffiffiffiffiffi
a1

p
n1 +

ffiffiffiffiffi
a2

p
n2 − ffiffiffiffiffi

a3
p

n3 − ffiffiffiffiffi
a4

p
n4ð Þ;

dY
dt

= a5 − a6ð Þ + ffiffiffiffiffi
a5

p
n5 − ffiffiffiffiffi

a6
p

n6ð Þ;
dZ
dt

= a7 − a8ð Þ + ffiffiffiffiffi
a7

p
n7 − ffiffiffiffiffi

a8
p

n8ð Þ
ð2Þ

where

a1 = k1 · V ; a2 = k2x · V ; a3 =
k3xy

x + K4
· V ; a4 =

k5xz
x + K6

· V ; a5 = k7x · V ;

a6 =
k8y

y + K9
· V ; a7 = k10x · V ; a8 =

k11z
z + K12

· V

a1⋯a8 are the transition rates of each reaction channel, as described in
Table 1, where several reaction progresses have been eliminated
according to the core model. ξi=1,…, 8(t) are Gaussian white noises
with 〈ξi(t)〉=0 and 〈ξi(t)ξj(t')〉=δijδ(t− t'). The additional terms
compared to Eq. (1) describe internal noise, which is related to the cell
volume V. Thereby V governs the amplitude of internal noise.

According to the relationship between the concentration and the
molecule number, the corresponding macroscopic differential equa-
tions for the CL equations read

dx
dt

=
1
V

a1 + a2 − a3 − a4ð Þ + ffiffiffiffiffi
a1

p
n1 +

ffiffiffiffiffi
a2

p
n2 − ffiffiffiffiffi

a3
p

n3 − ffiffiffiffiffi
a4

p
n4ð Þ½ �;

dy
dt

=
1
V

a5 − a6ð Þ + ffiffiffiffiffi
a5

p
n5 − ffiffiffiffiffi

a6
p

n6ð Þ½ �;
dz
dt

=
1
V

a7 − a8ð Þ + ffiffiffiffiffi
a7

p
n7 − ffiffiffiffiffi

a8
p

n8ð Þ½ �

ð3Þ

From the form of Eq. (3) it can be found that the level of internal
noise in the studied system is proportional to 1 =

ffiffiffiffi
V

p
. If V→∞, Eq. (3)

equal to the deterministic Eq. (1).

3. Results and discussion

With the variation of the control parameter k2, the model is able to
display spike and burst behaviors as appear in real cells [27]. We are
primarily interested in the periodic bursting dynamics, and the
control parameter k2 is thus adjusted to 2.85. Most of the concepts
about bursting oscillations come from neuron dynamics where
bursting is an action potential one. In the present work, bursting is
one mode of calcium oscillations, which is resulted from extracellular
stimulation with such agonists as ATP and UTP in hepatocytes [27]. In
order to elucidate the influence of internal noise, it is necessary to
study the corresponding deterministic kinetics for comparison. Eq. (1)
is integrated by using the explicit Euler method with a time step
0.0002 s, and the resulted time courses reported in Fig. 1a show the
periodic bursting dynamics, where each main spike is followed by a
series of secondary oscillations. The power spectrum density (PSD)
in Fig. 1b shows the counterparts of the spikes in time courses. As can
be readily observed there is one large peak and several low peaks at
distinctively different frequencies. The bursting oscillations are consist
of short trains of rapid spike oscillations intercalated by quiescent
intervals, and they repeat periodically. Therefore Fig. 1b displays a



Fig. 1. Deterministic simulations of periodic bursting and the corresponding power
spectrum density (PSD) of z at k2=2.85.

Fig. 2. Time series and the corresponding PSD of z at various volumes as k2=2.85.
(a) time series for z at V=1010, (b) time series for z at V=106, (c) time series for z at
V=103.5, (d) time series for z at V=102.8, (e) time series for z at V=102.5 (f) the
corresponding PSD for V=1010 (dash dotted line), V=106 (dotted line), V=103.5

(solid line) and V=102.7 (dash line).
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power spectrum with strong peaks at the pacemaker frequency and
its harmonics. The frequency of the main peak is viewed as the
characteristic frequency here, and its exact value is 0.08239 s−1.

Experimentally, Ca2+ dynamics is a stochastic system. Bursting
may be completely due to noise in simple Ca2+ models, which do not
exhibit bursting without noise. The diffusing species is cytosolic Ca2+

and the discrete stochastic sources are ion channels. Such systems
generate spatiotemporal structures by wave nucleation due to
thermal noise. In general, that leads to random spike sequences. The
randomness does not arise from small numbers of molecules in the
system, but rather from the fact that global events are initiated locally
[36,37]. However, it is well known that the living cells involve a small
number of interacting molecules due to their small volumes, hence,
the state of the system is discrete and deterministic equations may
givemisleading results. The CL Eq. (3) is used here to take into account
the intrinsic noise, and numerical simulations are performed by using
the Eular–Maruyama method [38] with a time step of 0.0002 s.
Temporal courses of z plotted in Fig. 2a–e show that with the addition
of small magnitude intrinsic noise the bursting oscillations do not
appear irregular. As the volume decreases, the level of internal noise
increases. Thus, for the volume small enough, the level of internal
noise becomes so high that bursting behavior is disrupted, resulting in
random oscillations. As is described in Ref. [27], the model was
constructed on the basis of previous experimental observations and
data like those shown in Figs.1 and 2 in Ref. [27], where the quantity is
between 0 and 1000, and the unit of the calcium concentration is nM.
Thus the peak values of free calcium concentrations in cytosol are
around 1 mM. Therefore, the simulation results of the deterministic
dynamics might be 1 mM, which are close to the experimental data.
It is shown that the peak values in Fig. 2a–e of free cytosolic calcium
concentration under the influence of internal noise approximate to
the deterministic dynamics in Fig. 1a, and the peak values might be
around 1 mM. The most interesting phenomenon is that with the
decrease of cell volume the bursting oscillations disappear entirely
and only spikes remain. It was assumed in Ref. [39] that in
pancreatic β-cells, the Ca2+ influx into the ER via SERCA pumps
depends linearly on the cytosolic Ca2+ concentration in the calcium-
based PBM model

JSERCA = kSERCAc

where c is the cytosolic Ca2+ concentration, the parameter kSERCA is
expressed as a function of glucose concentration and is given by

kSERCA =
k1c

2

k22 + c2
glu − glukð Þ

where glu is the concentration of glucose, and gluk is considered as
the basal glucose level. Varying the glucose concentration means



Fig. 3. The dependence of SNR on the cell volume V for z at k2=2.85.

Fig. 5. Time series of z at various volumes as k2=2.80. (a) time series for z at V=1010,
(b) time series for z at V=106, (c) time series for z at V=103.5, (d) time series for z at
V=102.8, (e) time series for z at V=102.5.
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decreasing the cytosolic Ca2+ concentration. When IP3 concentration
is fixed, the bursting oscillations could be transferred into spiking by
varying the glucose concentration. Herein, as V is smaller than 102.8

internal noise transforms bursts to spikes ultimately, providing an
alternative way to control the bursting and spiking activity. Further-
more, the smaller the volume is, the larger the frequency in the
presence of noise becomes. It is probably due to that an increase of
internal noise is equivalent to shifting k2 to the fast oscillation region,
hence one has larger frequency. Furthermore, a little change appears
in the bursting amplitude. As V→∞ Eq. (3) equal to the deterministic
Eq. (1). The frequency and the amplitude in the presence of internal
noise approach that from the deterministic model. PSD of the main
peak for increasing volumes are shown in Fig. 2f. Calcium oscillates
with a much smaller period at V=103.5 than at the other two volumes
V=106 and V=1010, confirmed by the larger frequency of the main
peak at V=103.5 in Fig. 2f. The characteristic frequencies in the
presence of internal noise are all larger than the deterministic one,
implying that the frequency of the main spectrum peak is consider-
ably shifted. This indicates that internal noise shortens the period of
bursting oscillation.

In addition, the main peak at V =103.5 is a bit higher than that at
the other three volumes. This phenomenon is reminiscent of EISSR, in
which the response of a nonlinear system to a simple periodic signal is
Fig. 4. The dependence of correlation time τc on the cell volume V for z at k0=2.85.
optimized by noise [23–26]. However, instead of optimizing an
inherent simple periodic oscillation, here we have internal noise
enhancement of the coherence of the periodic bursting. To demon-
strate the occurrence of the resonance phenomenon, SNR is defined as
that in Ref. [34], and the dependence of SNR on the cell volume is
depicted in Fig. 3. The SNR is seen to exhibit the familiar stochastic
resonance maximum as a function of the cell volume. Past the
maximum, the SNR decrease to a constant. The emergent resonance
could be viewed as explicit bursting stochastic resonance. Increasing
internal noise here results in a less irregular output, and this
paradoxical behavior might be due to the existence of two distinct
time scales [40].

To further characterize the resonance quantitatively, we introduce
another quantity, the characteristic correlation time, which is
calculated as follows:

τc =
Z + ∞

0
dτ

hz̃ tð Þz̃ t + τð Þi
hz̃ið Þ12

 !2

ð4Þ

with

z̃ = z − hzi ð5Þ

where 〈·〉 denotes the average on time. In Fig. 4 we display the
dependence of this quantity on the cell volume. As can be seen in
Fig. 4, increasing V, thus decreasing internal noise, leads to a rapid rise
of correlation time τc, indicating a higher coherence of the bursting
behavior. Remarkably, however, a further increment of V does not
always cause additional regularity, τc drops and finally reaches a
constant. As the cell volume increases to an intermediate value, τc has
a pronounced maximum, which illustrates that at a certain cell
volume the regularity of the process ismaximal. Comparing Fig. 3 with
Fig. 4, it is obvious that in spite of some fluctuations in the SNR profile,
the tendency is similar between the two quantities. Although bursting
is transformed by internal noise as V is smaller than 102.8, the bell
shapes of Figs. 3 and 4 are not destroyed as V is larger than 102.8, thus
the explicit bursting stochastic resonance is further confirmed. When
the control parameter is taken more deeply in the oscillatory regime,
the results are usually different [41]. In the present work, k2=2.80 is
chosen to study the influence of internal noise in deep bursting region.
The resulted time serials are shown in Fig. 5, and the corresponding



Fig. 6. The dependence of correlation time τc on the cell volume V for z at k2=2.80.
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correlation time is shown in Fig. 6. It is clear that internal noise does
not enhance but destroy the regularity of the dynamic behavior. For
larger internal noise, bursts change into spikes.

Stochastic resonance of bursting oscillations has been observed in
pancreatic β-cells [42], where the internal noise resulting from the
number of channels caused the emergence of bursting in the original
spiking dynamics, and the bursting is the most desirable at a moderate
channel number. In the present work, the internal noise originates from
finite cell volume, and is taken into account in the original bursting
oscillations. With the variation of the cell volume, the bursting behavior
shows the best performance at a certain cell volume. Furthermore, this
could be related to the recent publications [43,44]. In Ref. [43], Hou has
studied the collective dynamics of an array of N-coupled cells, each of
size V. Two size resonances are found, i.e., the regularity of calcium
spikes induced by internal noise reach amaximumat anoptimal cell size
Vwhen the network sizeN is fixed, and it also shows amaximum for an
optimal N if V is fixed. In Ref. [44], Chen has reported that eternal noise
has selective effects on system size bi-resonance induced by internal
noise in the calcium system. Meanwhile, cell system may also
automatically select an optimal cell size to obtain the best performance
in the presence of external noise. In the two referenced papers, the
internal noise has been considered in the steady state region in calcium
system. However, internal noise is considered in the complex oscillation
region in thepresentwork, andbursting stochastic resonance is induced.

Signal transduction constitutes an important feature of biological
systems: it provides the bridge between external stimuli and cellular
reactions. The basis of the model in the present work is the scheme of
signal transduction via calcium ion. Calcium signals encode and
transmit information in frequency- or amplitude-modulation mode
[45]. Frequency encoding is a strong dependence of the frequency of
Ca2+ oscillations on the dose of the applied receptor agonist, whereas
the oscillation amplitude remains nearly constant [46]. The oscillation
frequency increases with strong stimulation. Internal noise should be
considered in the cell. In the present work, internal noise increases
bursting frequency, thus enlarge the influence of external stimulus. On
the other hand, subtle modulation of the amplitude or the temporal/
spatial presentation of Ca2+ signals can differentially regulate Ca2+-
sensitive processes within the same cell [47]. Understanding explicit
bursting stochastic resonance in calcium system is expected to be
applicable in cellular signaling like complex frequency–amplitude
signal encoding and intracellular signal transduction.

4. Conclusion

In summary, the response of calcium bursting oscillations to
internal noise is studied by solving mesoscopic chemical Langevin
equations. Simulations show that internal noise shortens the period of
bursting oscillations and the calculated SNR reaches a maximal at a
certain internal noise (e.g. an optimal system volume) in a manner
that resembles a stochastic resonance, which is typical for the explicit
bursting stochastic resonance. The above results show that in the
calcium system bursting oscillations could be optimized by internal
noise. Then, another quantity, the correlation time was used to
characterize the coherence of the bursting behavior, which is
maximized for a system volume close to the one that maximizes the
SNR. It may be an indication that an appropriate cell volume could
lead to more regular dynamics. The study of explicit bursting
stochastic resonance in calcium system might improve our under-
standing of several important biological phenomena in cellular
signaling like complex frequency–amplitude signal encoding and
intracellular signal transduction.
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